EpyaoTnipio YNoAoyIoTIKWV SUCTNRATOV & Texvohoyiag AoyIiouIkoU
YnoAoyioTika & AlakpiTd MabnuaTika

Aoknoeig (5)
Aoknon 1

[péyte 10 cVVOLO TV daTeTOYUEVOY (ELYDV KOl GYEOIAOTE TOV YPAPO UAG GYEONG OO TO
obvoro 4 = {1, 2, 3} oto ocbvoro B ={a, b, ¢, d} ¢ onoiag o mivaxag eivar

1 010
1 010
0110

Adon
To oVvoro Tev dwretayuévav (guymv glval

{(1,a), (1,0),(2,a) (2 ¢0), 3, b), (3 )}

Kol 0 Ypapog TG oyéong sivat o akdAovbog

®a
1 b
20 o C
3 od

Aoknon 2

INa kabe pio and T axdlovbeg oyéoelg oto N, ypdyte T dratetayuéva (evyn mov aviKovy

o1 oYéon.

R=A{(xy):2x+y=9}

S={(y) :x+y<T}

T={(xy):y=x}.

Adon

To chvolo Tov dateTaypévov (guymv yia kdbe pia oyéon, etvae
R={1,7),(25),3,3). (41}
§={(11),(12),(1,3),(14),(15),(21),(22)(273),(24),3,1),3 2,33, 41),

(4,2), (5 1)}

T={(n,n?) :neN}
Aoknon 3
‘Ecto R n oyéon oto cdvoro {1, 2, 3, 4} mov divetrarl amd v a R b, av kot pévo av a + 2b

elvar mepirtdc. Avamopactmote ) oxéon R pe kdBe évav amd Toug akdAovBovg tpdmovg:

(a) g éva cuvolro dateTaypévov (enymv
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(B) g &vav ypaeo
(y) og évav mivaka.

Adon
(o) H oyéon R og obvoro dwatetaypévav (euymv givar

R={11).(12),(173),(1,4),3 1), 3 2),(3,3), 3 4}

(B) H oyéon R o¢ ypapog avamapiotatal o €EAG

@ > 02

(s "4

(v) O mivakog mov avtiotoryet ot oxéon R eivan

1111
0 00O
1111
0 00O

Aoknon 4

Ka0e o amd 11g mapakdatw opilel po oy€on o1o cVVoAo Z. Xe kdbe nepintmon, Tpocsdiopiote
oV 1 6YE0N EIVOL OVOKAOGTIKY, CUUUETPIKN 1| LETAPOTIKY.

(o) X +Y etvoun mepttTog
(B) x +y eivar dptiog
(y) xy elvan mepirtodg
(8) x + xy eivon aptioc.

Avon

(a) H oyéon elvar coppetpikn S0TL X + Y =y + X, ondte av X + Y givor meptrtdg 10T Koy + X
glvon mepirtoc.

Agv givar avaxlaotikn 510t X + X glvan mwhvto, apTiog.

Agv glvar petafatikn S0t yro mopddetypa, 1 + 4 ko 4 + 3 givan ko ot 000 mepirtol oAAG 1 + 3
dev glval meptttoc.

(B) H oyéon eivar avaxAaoTtikn 10Tt yio Kabe X, X + X = 2X givor dpTioc.

Eivon ovppetpikn 10T X +y =y + X, omoTE v X + Y glvan dptiog toTE Ko Y + X glvan apTiog.
Eivo petafatikn o10tL av X + Y ko Y + Z givan dptiot tote o1 X, Y ko Z eivar 6Aot gite dprtiot gite
neprrtol Kot o€ kébe mepintwon o X + Z ivan ApTioG.
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(v) H oyéon etvan soppetpikn S10tL Xy = YX.

Eivat emiong petafatikn d10tL av Xy Kot Yz givor meptrtol TOTe ot X, Y Kot Z givan 6Aot eptrtod,
OTOTE 0 XZ givon TEPLTTOC.

Agv givarl avarkhaoTikn 010tL, yio mapadetypa, 2-2 = 4 dev gival teptrtdg.

(8) H oyéon eivon avaxhaotiky d0tt X + X° = X(1 + X) givar To ywvopevo §bo dadoxikdv oxe-
paimv, £vag ek TV OTOImY TPEMEL va eivat GPTIOC, 0TOTE TO X + X ivat TévTa GpTIoc.
Eivon petafoatikn 016tL, av X + Xy givon dptiog kon Y + Yz glvar aptiog, T10T€ gite X aptiog (omodTE
G’ 0T TNV TEPIMTMOON X + XZ £lval aVTOUATOS APTIOC) €lTe X TEPLTTOC (OTATE G° QLT TNV TEPT-
TTOOT oL X, Y Kot Z lvat Aot mepttrol Kot £161, TAAL, X + XZ elvar aptioc). Emopévag X + Xz sivan
emiong dptioc.
Agv givol coppetpikn 0101, yio mapddetypa, 2 + 2-3 = 8 givar dptiog, oA 3 + 3-2 =9 dev eivan
apTioC.

Aoknon 5
IMa ka0 pia amd T1g akdAovbeg oxéoelg 610 GOVOAD {X : X € Z ko 1 < X < 12} yphyrte Ta da-
tetoypéva Cebyn oV aviKouV GTr GYECT.
(@) R={(xy):xy =9}
(B) S={(xy): 2x=3y}
(y) petapatikn Onxn e R
(0) peroPfoatikn BN e S.
Avon
(@R ={(19), (3 3). (9 1}
B 5=4B,2),(6,4),(9 6), (12, 8)}
(y) H petapatikn 0nxn me R eivan R U {(1, 1), (9, 9)}.
(0) H petofotikn O9xn g S eivar S U {(9, 4)}.

Aoknon 6

Ka0e pio amd t1g akdAovbeg opilel pua oxéon 010 00GUEVO GUVOAD. Xg KAOE mEPIMTOON, TEPL-
ypayTe e AOYLa ota Ba wpémetl va givar 1) petafatikn| OMKn.

(a) "o a eivar éva ypovo pikpotepog omd tov b, 610 GVVOLO TV avOpOTOV.
(B) a = 2b, oto cHvoro N TV oKDY aplOUmY.
(y) a< b, oto oOvoro R teV Tpayuatik®dv aptOudv.
(8) 0 a eivar v16¢ Tov b, 6TO GHVOLO TOV APEVEV.
Avon
" 4 r r r r b"
(a) "o a eivar uepira ypovia pkpoTepog omo tov b,

(B) a=2"b y10. kémo10 PLGIKS aAPOUO N.
(y) a < b, ago¥ 1 dedouévn oyion eivor petafotikn.
(8) 0 a elvar apoevikdc amdyovog Tov b.
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Aoknon 7

[Ipocdiopiote KGOe pia amd Tic ONKeg OV €ivol OVOKANGTIKT, CUUUETPIKN KO LETARATIKY, TNG
oyéong {(a, a), (b, b), (c, ¢), (a, ¢), (a, d), (b, d), (c, @), (d, @)} oo svoro {a, b, ¢, d}. Exet vo-
NUE Vo YAEOVLLE Y1 TNV OVTIGVUUETPIKT ONK;

Adon
H avaxiaotikr Onkn eivar {(a, a), (b, b), (c, ¢), (a, ¢), (a, d), (b, d), (c, a), (d, a), (d, d)}.
H ovppetpikn Onxn eivon {(a, a), (b, b), (c, ¢), (a, ¢), (a, d), (b, d), (c, a), (d, a), (d, b)}.

INo ™ petoPotikn OMxn, mpocbétovpe to (b, @) (ypnowomowwvrag ta (b, d) ko (d, @)), o (c, d)
(xpnowonoidvrog ta (¢, a) ko (a, d)) kot to (d, d) (eEartiag v (d, ) kot (a, d)). Metd mpo-
oBétovpe 1o (b, €) (ypnoomowdvrag to véo (b, a) kot to TaAd (a, C)).

Emopévac, n petofatiky Onkn givan {(a, a), (b, b), (c, c), (a, ¢), (a, d), (b, d), (c, a), (d, a), (b,
a), (c,d), (d,c),(d,d), (b,c)}.

Av i oyéon dev gival ovTICLUUETPIKN TePLEyeL Cevyn g nopeng (X, ¥) xat (Y, X) émov X # V.
H mpocOnkn Cevydv dev Ba empépel ahdoyn Kol GUVETMG OV VITAPYEL KATL GOV OVTIGUUUETPL-
K1 07K

Aoknon 8
Mo kéBe o and Tic Topokdtom oyéoelg 1oodvvapiog R 610 S00UEVO GUVOLO A, TEPLYPAYTE TN
Spépion oty omoia 1 oyéon dapepilel to cuvoro
(a) A =7 n R divetor amd v, XRY, av Kot LOvo ov X — Y glval apTioc.
(B) A4 etvan to ochvoro tv avBpormv: 1 R divetar amd v, XRY, av Kot Lévo v o X givol tov
0100 PVOALOL g TOV Y.
(y) 4=R*n R divetar and v, (&, b)R(c, d), av kar pévo av a + b? = ¢ + d?.
Adon

(o) Eme1dn X — Y elvan dptiog onpoaivel 6t to 2 dtaupel T dapopd X — Y, vrapyovv 600 KAACELS
sodvvapiog, To cHVOAO TV APTIOV Kol TO GOVOAO TOV TEPITTMOV UKEPUIMV.

(B) Yrapyouvv 800 KAAGELS 1IGOOVVOING, TO GOVOAD TV OPEVAOV KOl TO GOVOAO TV OAE®V.

(v) KdéBe «haomn weodvvapiog eivat To 6OVOAO TV onueiov KuKAOL Le kévtpo To onueio (0, 0).

Aoknon 9
Mo oxéon R oto Z Sivetat amd v XRY, av Kot pévo av x> — y* Stapeitat pe 1o 3. Agifte 6tLn
R elval po 6y£01 160dVVALIOG Kol TPOGIOPIoTE TNV avTioTOLN OOUEPIOT TOV Z GE dlOKEKPL-
péveg Khdoelg 1coduvapiog.
Avon
Enedn X2 — x* = 0, mov Staupeiton pe 10 3, 1 oyéon R eivar avakhaoTiki.

Av X2 — y? Sronpeiton pe 1o 3 1018 Y — X2 = —(X% — y°) givon 10 avTifeto £vOg TOAMOTAGGLON TOV 3
Kol cuvendg dtapeitan e 1o 3. Emopévag 1 oyxéon R €lvol GULUETPIKT.
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Av X* — y? ko Y2 — 72 Srpodvton pe o 3 1ote X° — 22 = (X - y?) + (Y2 - 72) eivan 10 GOpotopa
000 TOAAATAGGIOV TOL 3 Kot cuvendg dtopeital pe To 3. Emouévag ) oxéon R givon petafott-
KN.

H «\don woodvvapiog tov 0 sivar Ep = {n : n? drupeitar pe 1o 3}. Enedh) 1o n® Sapeiton pe to

3, av Kot povo av to n droupeiton pe to 3, Eq = {0, £3, £6, ... }.
H iAéon 1oodvvapiag tov 1 eivar £y = {n : n? — 1 dwoapeiton pe 1o 3}. Tdpa, n® —1 = (n-1)(n +
1) éto1 dote éva omd ta N — 1 ko N + 1 Supeitan pe 1o 3. Emopévog, N=3m £ 1, m € Z ko

ovvenwg Ey={...,-2,-1,1,2, 4,5, ...}.

Yndapyovv d0o KAAGELS 1codvvapiag Ey Kot £.

Aoknon 10

1 a
"Eotw 11 10 6UVOAO TOV TIVAK®V TN LOPPNG {O J , & € Z. Na dci&ete 0TL

i)  To [T eivar kKAe16TO MG TPOG TOV TOAAOTAAGIOGLO GTO GOVOLO TOV 2X2 TIVAK®V.
i) O moAlomhacacpog oto 7 ivar avtipueTodeTikog.
i) T kaOe mivaka A € ITvmapyet o avtiotpooc mivaxag A e 1T.

Avon

i) 10 oVvoro I7 givan KAE16TO G TPOG TOV TOAAATAAGIOGHO 6T0 6VUVOAO I, Twv 2x2 mvakwy. TIpdy-

o o 2 ]

Ko emedn (f + a) € Z, 1o I1 givon khe16td og Tpog v mpdén - oto I, (givon [T  IT).

pat, Va, f € Z givan

i) H npdaén tov moAlanlaciocpon ivon aviuetabetiky oto I7 yoti,

o 5l 2o T e Ee T

iii) Yndpyet to povadiaio otoyeio oto 17, ywrtiyio a = 0 € Z, mpoxdmtet 611 0 YvOOTOG LOG TIVAKAG
10
1=
01

INoa kdBe wivaka A € 17 vrdpyet 0 avticTpoPog mivakag A e IT. Tpéyparty, av vdpyet 1o

oavikel oto 11.

1l a 1 x
avtiotpopo otoyyeio tov 4 = [O J Ko gfvon 1o 4'= {0 J 0o mpémet,

1 x|l «a 10 1 a+x 10
. = = =
0 1|0 1 0 1 0 1 01
Sa+x=0 x=-a

Kot enewdn Va € Z givar—a € Z, 10 avtioTpo®o o1otygio Tov A givat o mivakag
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Aoknon 11
a —b
No e&gtdoete av o chvoro P = {[b } ‘a,be R} , Elval KAE10TO G TPOG TOV TOAAATAOGLO-
a

ouo mvakwv. Nao egetdoete eniong av

i) vrdpyel povadiaio ototyeio wg mpog v Tpdén avtn oto P
ii) M Tpdén avt eivar avtetadetikn oto P.

RN

am6 to cuvoro P. To ywvopevd tovg Ba givan
a -bjlc -d| |ac-bd -ad-bc| jac-bd —(ad+bc)| |e -f
b ald c| |bctad -bd+ac| |ad+bc ac-bd | |f e

omov e =ac — bd xar f=ad + bc. Apa givon mivaxog tov cuvorov P kot cuvendg 1o chvoro

Avon

"Eotw ot mivakeg

auTo elval KAEIGTO MG TPOG TOV TOALUTAAGIOGHO TIVAK®V.

i) Tapatnpodue 6ty a =1 ko b= 0, mpokdnTel 0 yvwo1dg 2x2 povadiaiog mivakog

| < 10
101
Enopévmg vdpyet povadiaio otoryeio o¢ mpog v tpdén avt oto P.

i) T va edéyéovpe av M mpdén avth eivor avtipetadeticy oto cdvoro P, vroloyilovpe ta
ywopevo

[a —b]c —-d]| [ac—hbd —ad—bc}_{ac—bd —(ad+bc)}

d c | |bctad -bd+ac| |ad+bc ac-bd

Ko

[c -dl]fa -b] [ca—db —-da—cb
Jlb a] |cb+da -db+ca

ac—bd —(ad +bc)
ad +bc ac-hd

mov gtvan ioa. Emopévmg o molhamiaciacpuoc mvakmv oto P etvon avtipetodetikoc,
Aoknon 12
¥10 ovvoho R opilovpe v mpdén * pe Tov akdAovo TpoTo

a*b=ab+a+b

i) No e&etdoete ov n TpEEn ot £ivol TPOCETAUPLOTIKN | OVTILETAOETIKT.

i) No Bpeite mowa otoryeio Tov R éxovv cuppeTpikd otoryeio og mpog v mpdén avt.
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Avon

i)

Eivau

a*(bxc)=ax(bc+b+c)=a(bc+b+c)+a+bc+b+c=abc+ab+bc+ca+a+b+c

(axb)xc=(ab+a+b)*c=(ab+a+b)c+ab+a+b+c=abc+ab+bc+ca+a+b+c

Emopévag mpdén avtr eivar tpocetarpiotikn. Ebkoia dtomotdvovpe 0Tt ival Kot avTiple-
TafeTIKN, APOD
a*b=ab+a+b=ba+b+a=b=x*a.

i) T vo amavTiGOVUE TO EPMTNLO Y10 TO GUUUETPIKO TTPETEL VO, EEPOVUE TO OVOETEPO GTOL-
xelo g mpdéng. o va givor 1o e ovdétepo ototyeio, mpémel (Aappdvoviag vadyn 6Tl M
TPAEN eival avTeTaBETIKY)

a*e=a, ywwxdéde a e R.
"Eyxovpe,
a*e-acaetat+te-a(a+1l)e=0. (1)
H (1) aknBever av e = 0, yo kéBe a € R. Emopévmg to ovdétepo atoygio g mpaéng * &i-
vartoe =0.
Topa, yia va €xer to a € R ovpperpikd otoryeio to a8’ € R, npénet
a*a'—ecaa +a+ta=0<(@+la=-a (2
Ava+1=0<a=-1, tote n (2) givar advvar.
, a
Avat+l#z0sa#-1,101e(2)< a'=— e R.
a+l
Enopévoc 0ia ta @ € R gktog omd to @ = =1 €yovv avtiotpoo (mov divetar amd ToV TOTO
a
a=———).
a+l
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