EpyaoTnipio YNoAoyIoTIKWV SUCTNRATOV & Texvohoyiag AoyIiouIkoU
YnoAoyioTika & AlakpiTd MabnuaTika

Aoknoeig (1)

Aoknon 1
No KoTtaokevdceTe ToV TivaKa aAnOging Tov AoyukoD TOTOL
(PAQ)v—(p—0)
Avon
O mivaxag oAnBeioag 0o &xet Téooepic Ypappés ylati vdpyovy 2% TEpmtdoels vo cuvduacToHY
oL TIpEG aAnbeiog TV petafAntav p, .

omAan 1 2 3 4 5 6
P 4| prg p—>g —(p—>0q)  (PAG)v —(p—0)
1 1 1 1 1
1 0 0 0 1 1
0 1 0 1 0 0
0 O 0 1 0 0

O Tég otig otreg 3 ko 4 mpoadiopilovtar amd Tig TG otig othAeg 1 kot 2. Ot Tiég ot
oA 5 mpocdiopilovtar amod Tig THES 6T oTNAN 4. O TIéG ot 6TAAN 6 Tpoadiopilovtal amd
T1G TIpéG oTIc otreg 3 ko 5. H €kt omAn mepiéyet tig Tinég ainbeiog g ovuvOetng TpodTaoTg
pe tomo (p A ) v —(p — ).

Mmropovpe va xpnoiomomcove Evav amhonompévo tivaka oindeiog, pe v 0w d1adt-
Kacio oKEYNG, YPAQOVTAS TIC TIHES KAT® amtd Ta cOUPola TV TPAEEmV, G EENG:

P aq| (pag) v —=(p—0)

1 1 1 1 0 1

1 0 0 1 1 0

0 1 0 0 0 1

0 0 0 0 0 1
Ppue 1 1 2 4 3 2

O Tég o€ ke Prina Tpocsdiopifovrar amd Tic TIHEG o€ Tpornyobueva Ppata. TTapadsiypotog
APV, Ol TYWEC 610 TPito Prpa TpocdlopioTnKay amd TIG TIUEG OV TEPLEYEL 1) TEAEVTOLN GTAAN.
Ot Téc 010 TETOPTO P TPOCIOPIGTNKAY OO TIC TILEG TTOV TEPLEYOVTOL GTNV TPITN KoL 7Té-
umtn otAn. H otAn mov dnuovpyndnke oto tedevtaio frpa pog divel Tig TipéG aAnbdeiog tov
Loyko¥ Tomov. =

Aoknon 2

"Eoto 0 Aoykdg tHmog

(P> AlGA~1)—>(pvI)]

Na yivet o wivaxog aAnOeiog Tov.
Avon

O mivaxag oAn0eiag Oa &xet okTd Ypappéc, Yot vdpyovy 2° TEPIMTOGELS VoL GUVSVAGTOVBY oL
TéG aindeiog Tov (Tprodv) petaintdv p, q Kot F:
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P a ripe-9 A [@a=-N->(@vnl
1 1 1 1 1 00 1 1
1 1 0 1 1 11 1 1
1 0 1 0 0 00 1 1
1 0 0 0 0 01 1 1
0 1 1 1 1 00 1 1
0 1 0 1 0 11 0 0
0 0 1 1 1 00 1 1
00 0 1 1 01 1 0
piwc 1 1 1 2 5 32 4 2

Aoknon 3

No KotaokevdceTe ToV TivaKa oAnOging Tov Aoylkol TOTOL

Avon

P e (res)

YymuatiCovpe tov mivaka aAndeiog, Katd to YVooTd:

P g r s |peqg res (Ppege(res)
1 1 1 1 1 1 1
1 1 1 0 1 0

1 1 0 1 1 0 0
1 1 0 O 1 1 1
1 0 1 1 0 1 0
1 0 1 O 0 0 1
1 0 0 1 0 0 1
1 0 0 O 0 1 0
0 1 1 1 0 1 0
0 1 1 0 0 0 1
0 1 0 1 0 0 1
0 1 0 O 0 1 0
0 0 1 1 1 1 1
0 0 1 O 1 0 0
0 0 0 1 1 0 0
0 0 0 O 1 1 1
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Aoknon 4
E&etdote av o A.T.
(GPAr@)A@An)A—q
elval Towtoloyia i avtigaon.
Avon
Koataokevdlovpe Tov mivaxko aindeiog tov A.1.:
P g r|—=p —q —prg gar ((=pArdA@ar) (PADA@AN)A—]
11 170 O 0 1 0 0
1 1 00 O 0 0 0 0
1 0 1}]0 1 0 0 0 0
1 0 00 1 0 0 0 0
0 1. 1|1 O 1 1 1 0
01 0|1 O 1 0 0 0
0 0 1|1 1 0 0 0 0
0 0 0|1 1 0 0 0 0
Aol 6Aeg ot Tipég ainbeiog tov A.T. glvon wevdrg (0), Tpdkettot yia Lo ovtipoom. m
Aoknon 5

Xpnoporoiwvrag ivaxko ainbeiog eeTdote o101 0md TOVG TAPUKAT® A.T. VoL TOVTOAOYIEC:
(@) —(p A (=)
(B) p—(=p)
M PEArP—>09)—q

Adon

O1 mivakeg alnBeiag divovonr 6Tovg mopakdTe® TVaKES:

Nivakag 1

p —p PA(=P) —(PA(=P) P—>—P

1 0 0 1 0
0 1 0 1 1
Mivakag 2
P 4 p—>qg pa(P—>9 (EaP—>09)—>q
1 1 1 1 1
1 0 0 0 1
0 1 1 0 1
0 O 1 0 1
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YnoAoyioTika & AlakpiTd MabnuaTika

Enopévmg, ot (o) ko () elvar tavtoroyies. =

Aoknon 6

Na e&etdoete av o1 Aoywkol TuTol

(=P va) APV (=) A((=R) v (=a)) kar —(pvT)

givol 1oodvvapLot.
Avon

Yymuotilovpe tov mivaka oAnBeiog kot yio Tovg 600 A.T.

P 9 r |—=p —=q —r —pvgq pvar (=pva)A(pv=r) —pv=g (=pvg) A (pv ) A(=pv —0q) —(pvr)
1 1 1]/0 0 0O 1 1 1 0 0 0
1 1 00 0 1 1 1 1 0 0 0
1 0 1[0 1 0 0 1 0 1 0 0
1 0 0|0 1 1 0 1 0 1 0 0
01 1|1 0 0 1 0 0 1 0 0
01 0|1 0 1 1 1 1 1 1 1
0 0 1|1 1 0 1 0 0 1 0 0
0 0 0|1 1 1 1 1 1 1 1 1

Awmotdvovtog 0Tt o1 dVo TeAeLTOiES OTNAEG lvar 101€G, CLUUTEPAIVOLLE TNV 1G0JVVALI0 TMV
dedopEvaV A.T. =

Aoknon 7
Agi&te 6t10 AT (P — Q) — I, gival Aoyikd 16od0vapog pe tov A.T. ((—p) => 1) A (@ —T).
Avon

Kotaokevdlovpe tov mivako e Tig TIHEG aAndeiog Tov LETAPANTOV KOl TOV A.T.

P g rip>g (p)>r gor (p2>g9->r (P -2>nNA@—oT)
1 1 1] 1 1 1 1 1
1 1 0] 1 1 0 0 0
1 0 1] 0 1 1 1 1
1 0 0] O 1 1 1 1
0 1 1] 1 1 1 1 1
0 1 0] 1 0 0 0 0
0 0 1] 1 1 1 1 1
0 0 0] 1 0 1 0 0

A@ov ot dVo tedevtaicg otnieg Tavtilovtat, o A.T. (P — q) — I givor AoyiKd 160dVVOUOG LE TOV
AT ((=p) >N A(@—r). m

Aoknon 8

Acgi&te 6T 01 Aoykol ToTOL
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(PA(=a) v(PAG)AQ ke pAQ

elvat 1oodvvaypot.

Avon
Eivan
(pr(=Q)Vvprg)Arg < {omo empeproTiko vouo}
PA((—q)va)Aaq & {amo avtipetadetikd vopo}
PA@v(=d))Aq = {an6 vépo dpvnonc}
(pAt)AQ = {amo6 vopo dpvnong}t
pAq {omd vopo tavtodHTTOC) . m
Aoknon 9

Agiéte, yopic T ypnon mvakmv ainbeiog, Tn Aoyikn 1Godvuvopio

[Pva)v(pvs)le(pva)vs

Avon
"Exovpe drodoyucd
pvgvpvs)elpvagvplvs  {and mpooetaplotikd vopo}
S[pvavp)]lvs  {ond npocetoipiotikd vouo}
<Slpvpevglvs  {and aviiuetabetikd vouo}
Slpvp vylvs {omd npocetoiplotikod vouo}
S (Ppvgvs {omd vopo ovdetepdTNTaS) =
Aoknon 10

Agi&te 6T1 01 Loyikol TomoL
peq ka (pAQ)V(=pA—Q)
glvarl AoyiKd 16030 VaOoL.
Adon
"Exovpue dodoyikd (n artiohdynomn aenvetot o¢ GoKNGT GTOV avVoyvaoTh)
pede(P—>9A@—>p)
< (=pva)A(=qvp)
<[(=pva)ya—alvI(=pva)Ap]
S [(=pA=0) v (@A vI(=pAp)v(aap)]
< [(=pAr-a)velvicv(@ap)l]
< (=pAr-g) ve]vI@ap) v
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< (=pA—-q)v(QAP)
< (=pA—=0)v(pAQ)
< (PAQg) v (=pA—q).

MmopobLLEe Vo EPYACTOVIE QLGIKE KO LE Tivakeg aAnOeiog:

P 4 peg —-p -0 pag —pA—=0 (pPAQ)v(=PA—Q)
1 1 1 0 0 1 0 1
1 0 0 0 1 0 0 0
0 1 0 1 0 0 0 0
0 O 1 1 1 0 1 1
Ao Vv tpitn Ko TV TEAELTAio OTAAN cvumepaivovpe OTL 01 dEdOUEVOL A.T. ival AOYIKA 160-
dvvapoL. .
Aoknon 11
Agi&te, yopic T ypnon mvikev ainbeiog, 6TL 0 A.T.
(=pva)v(pA—a)
glvan tavtoloyia.
Avon
"Exovpe drodoyukd
(—pvagvppr—0)<=-pvIgv(pA-—-q)] {omd mpocetapioTied vopo}
S —pv@vp) A@v Q)] {ond empeprotikd vouo}
<=pvI[@vp)at] {an6 vopo épvnong}
S —=pv(vp) {om6 vopo tavtotnTacH
< -—pvpva) {omd avtipetadeTikd vouo}
< (=pvgvq {om6 mpoceToploTikd vouo}
Stvg {amd vopo apvnonc}
=2 {am6 vopo kaborkob @paypatoc; gy
Aoknon 12
Agiéte 0L av X givon mporypatikds aptBpdg TéTolog, Mote va giva X° = 2, TOTe 0 X dev efvar pi)-
106,
Adon

‘Eote 611 0 X givan pntog, dnk. X = m/n, d6mov M ko N aképatot pe N = 0 Kot TETO101 GTE VoL Uny
&y0VV KoWoug Tapdyovies. Apod X2 = 2, éxovpe (M/n)? = 2. Apa, m? = 2n’. Avtd dpmc cuvend-
yetou 6t m? eivan dptiog. Emopévoc, pe Paon yvooth doknon g Oempiog apdudy (BA. mpon-
yYouuEVT doknor) o M glval ApTiog. Zuvermc, M = 2p, 6mov P aképalog. Avtikabiotdviag otV
wootnto m* = 2n maipvovpe n? = 2p% Tote 6pwC, 0 N givar emiong dptiog. Etot éyovpe deitet
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OTL 01 M Ko N €yovv Koo Tapdyova (To 2) To 0moio AvIIPACKEL LE TNV apYIKY Hog vedOeon

OTL 01 M Ko N Ogv £Y0VV KOWOVG TOPAYOVTES. m
Aoknon 13

A&iEte 6T1L 0 aKEPALOG N Elvon TEPLTTOC, OV KO OVO av 0 N2 gfvat TEPITTOG.

Adon

(=) Eoto 611 0 axépoatog N givan teprrtdc. Tote n = 2k + 1, 6nov k € Z. Enopévac

n“=(2k+1)°=4k*+4k +1=2(2k* + 2k) + 1 =2m + 1, dmov m € Z.
Apa, 0 n? givat TEPLTTOC.
(<) Eoto tdpa 611 0 N’ givon meptrtdc. Me aviideToavTioTpo@y, ov 0 N eivat GpTiog HTopovLLE
va ypayoupe n = 2k, énov k € Z. Tote
2 2 _ 2 _ 2\ — .
n° = (2k)° = 4k” = 2(2k") = 2m, 6movm € 7Z .

I3 2 . 7 7, 2 s r r ’ ’
Emopévac, o n” gtvan dptiog. Apa, av o N° glvon TeprTtoc, TOTE 0 N givon TEPTTOC. =

Aoknon 14

i) Agi&te 611 M TpdTOAIGN
P—>(QVR)

elvat AoyiKd 160560vaun pe v TpoTooT
P A (—lQ) —->R

i) AwtvdoTte T PEB0S0 0mTOIEIENG TTOV OTOPPEEL OO TNV TAPUTAV®D LGOSVVOYLIO.
Avon

i) Kataokgvalovpe tov mivaka aAndeiog v 800 mpotdoewmv:

o
Zy)

—-Q QVvR PA(Q) P>QvR) PA(=Q)—R

1 0 1 1

O O O O kB Rk

©O © r kr O O Fr O
, O B O Kk O Bk

, P O O B LB O O

= =

O O O O k.

[ S N S = S N

N = N S o T S N

H 1codvvapio amodeucvoetar omd Tig 600 TEAELTAIEG OTHAEG TTOV EIVOL TOVTOCTIEG.
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ii) T va deifovpe v oAndeto pag pdtacng g popeng “‘av P wéte Q 17 R”” (ue Pdon v
TOPOTOVD 1o0dvvapia) vrobétovue ot woli ue v P ioyder 1 =Q rar deiyvovus o1t 1oydel n R.
Mmropovpe va kotaddpfovpe v 1oy g uebddov avtrg Kot pe to e€ng emyeipnpa: H npdtoon
Q eivor aAnOng i yevdne. Av n Q eivar aAndng tote n Q v R givar aAnffg xoin P — (Q v R)
gtvon aAnOng aveEdpmra amd Tig THéC ainbeiag tov P kot R. Emopévag éxovue va deiovpe
v aAnfela g ovvemaywyng povov otav gival n Q yevdng. Zuvendg n péBodog amodeIEng
ouvictatol 6to va vrofécovpe 6t givar aAndng n P kot n —Q Kot xpnoIHonotdvVTag QVTEG VA
oct&ovpe 6T1 M R givor aAnbnic. =

Aoknon 15

"Eoto a, b Oeticoi axéporot. Asiéte 61t av a° + b? eivon nepurtdc tote 0 a eivan meprrtéc § o b
glvon meptttoc.

Adon

Epyaldpaote ypnowonowdvrag T péodo e Acknong 17 (ii). Yroférovpe Aowmdv 611, 0 a° +
b® eivar meprrTdc kot 611 0 a dev eivar mePLTTOC, SNA. 6TL 0 @ eivan dptiog. Apa o a° Ba eivon Gp-
T10¢. Emopévarc o a° + b® — a® = b? Oa eivan meprrtdg. Apov tdpa o b? eivon meprrroc Oa sivan kat

0 b meprrtog St av frav dptiog, tote b = 2K, k € Z war 0 b® = (2k)* = 2(4k®) = 2m, m € Z, 0a

\rav dpTiog, ATomo. =
Aoknon 16

Agiéte kdBe pia amd TIG TaPOKAT® TPOTAGELS LIE EXAYMYN GTO N:

(@) 1+5+9+---+(4n—-3)=n(2n-1), vy kabe n > 1.

(B) 12 + 2% +---+n? =%n(n +1)(2n +1), i kéde n > 1.

1 1 1 n
_+_+...+ =
1.3 3.5 2n-D(2n+1) 2n+1

(8) O axéparog (n* — n) draupeitar pe 1o 3, yro kGe n > 1.

, Yo kB n > 1.

()

(e 1@nH+22H + ---+n(n) =(n+ 1) -1, yio xéBe n > 1.

(o7) N > 2" yio kdbe n > 1.

Adon
(o) "Eoto P(n) to kotmydpnua 1+5+9 +---+ (4n-3) =n(2n -1).
Otav n =1, 10 IpdTo o toovton pe 1 ko n(2n —1) = 1. Apa, P(1) aknbnc.
Ymobétovpe topa 6t P(K) adndng yio kémowo K > 1. Agiyvovue ot ovvéyeia 6t P(K +1)
TpENEL VO, givart aAnOng.
14549+ +[(4k+1D) —-3] =1+5+9+---+ (4k —3) + (4k +1)
=k(2k -1) + (4k +1)
=2k% +3k +1
=(k +1)(2k +1)
=(k+D[2(k +1) -1]
Apa, P(n) odnbng yio kébe n > 1.
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)

)

(9)

(e)

‘Eoto P(n) to xotnydpnua

‘Bote P(n) 1o kotnyopnua 12 + 22 + -+ n? :%n(n +1)(2n +1).

Enedy 12 =1 ko %n(n +1)(2n+1) :%(1)(2)(3) =1 6tav n =1, éneton 611 P(1) adnbnc.

YnoBétovpe tdpa 6tt P(K) aAnbng vy kdmowo K > 1. Agiyvoupe ot ovvéyelo ot P(k +1)
npémeL va givorl aAnong.

12 + 22 4+ (k +l)2 =12 422 4. 4K2 +(k +1)2
:%k(k+1)(2k+1)+(k+1)2

:%(k +)[K(2K +1) + 6(k +1)]

:%(k +1)(2k? + 7K +6)

:%(k )2k +3)(k +2)

:%(k D[k +1) +1[2(k +1) +1]

Apa, P(n) odnbng yio kébe n > 1.

1 1 n
1.3 3.5 (2n-1)(2n+1) 2n+1

Ortav n =1, 10 Ip®TO HELOG 1GOVTOL [UE 1 Ko n :E. Apa, P(1) ainbnc.
3 2n+1 3

YnoOétovpe todpa 6t P(K) ainbng yio kdmowo kK > 1. Agiyvouvpe otn ovvéyewa ot P(k +1)
pémeL va. givor aAnong.

i+i+...+ 1 =i+i+...+ 1 + l
1.3 3.5 [2(k+1) -1[2(k +1)+1] 1-3 3.5 2k -1)(2k +1)  (2k +1)(2k +3)
k 1 _ k(k+3)+1 2k +3k+1 k4l

= + = = =
2k+1 (2k+1)(2k+3) (2k+1)(2k+3) (2k+D(2k+3) 2k+3
Apa, P(n) oAnbng yio kébe n > 1.

"Eoto P(n) 1o kotnydpnua o axépatoc (n® — n) Supeiton pe to 37
Ao n*—n=0 6tav n =1, kot 0 0 Sraupeitar pe 10 3, £ovpe 61t P(1) adnbi.
YnoBérovue todpa 6t P(K) odnbng yio kdmoto k> 1.
Tore,

(k+1)°—(k+1) = k* + 3k* + 2k

= (k* - k) + 3k* + 3k

Aot 0 (k* - k) Staupeitar pe 1o 3, 0 (K2 — k) + 3k? + 3k Srupeitar emione pe o 3. Me Aol
AOY10, 0 aképatoc [(K + 1)° = (k + 1)] Supeitar pe 1o 3. Enopévog P(k +1) eivor eniong a-
oG ko amd v pednuotikn emaymyn égovpe ott P(n) aAndng yia ke n > 1.

‘Eoto P(n) to katnyopnua 1(11) + 22 + ...+ n(nl) = (n + 1)! - 1.

Ortav n =1, 10 ip®dTO PéELOG toovTon pe 1 ko (N + 1)1 -1 = 1. Apa, P(1) aAnbrg.
YnoOétovpe tdpa 6Tt P(K) oAnong yia kdmoto k > 1. Agiyvovpe ot ovvéyewon 6t P(k +1)
pémeL va. givorl aAnong.
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1an+2@2)+ -+ k+D((k+)H =11+ 22" + .-+ k") + (k+ 1)((k + 1)1)
=k+I)!-1+Kk+D(Kk+DN=(Kk+)(k+DH)-1=(k+2)!' -1

Emopévac P(k +1) givar emiong aAn6ng kot omd v pobnuatiky enoyoyn éxovpe 6t P(n)
oAnONg Yo kébe n > 1.

(67) 'Ecto P(n) 1o kotnyopnuae n! > 21

Otav n = 1, éovpe 1! =1 ka2 = 1. Apa, P(1) okndic.
Ynobétovpe tdpa 6t P(K) aAndic yua kémowo K > 1. Anhady vrodétovpe ot k! > 2% Tore

(k+1)1=(k +Dk!> (k +1)2% 2

AMG, K+ 1> 2 yia k > 1, ondte
(k+1)1>2.21 =2

Emopévoc P(k +1) givar emiong aAn0ng kou amd tqv pobnuatiky enoyoyn égovpe 6t P(N)
oAnNONG Yo kébe n > 1. =

Aoknon 17

Mo akoAovBia akepaimv Xi, Xz, -.., X, ..., opileTor amod TIg

X
x1= 1Kot Xy, =—~—, yia k> 1.
X +2

Ymoloyiote TOUG Xo, X3 KO X4. AgiETE 0T GLVEYELQ, OTL

Xn :L, yio kéBe N > 1.
2" -1
Adon
Eivan
X1 =1, Xo = 1/3, X3 = 1/7 xou X4 = 1/15.
‘Eote P(n) 1o katnydpnuo
1
2" -1
Aviikabiotdvtag N = 1, £xovpe X1 = 1 mov onuaiver 61t P(1) aAndnc.
Yrobérovue 6t P(K) aindng yio kdmoto k> 1. Torte,

Xp =

% Yek-ny o 11
X +2 1@ -1+2 1+20%-1 2¢1_1

X 41
Emopévac P(k +1) emiong aAndng ko amd v pobnuatiky exoyoyn £xovpe 0t P(n) aindng yio
KkéBe n > 1. m
Aoknon 18
Mo akohovBio axepaiv Xg, X, ..., Xp, ..., OpileTon amo Tig
X1 =1, Xo = 2 Kot Xeg = 2%k — X1, Y K > 1.

Y7oloyioTe TOVG X3, X4 KoL X5. MOvTEWTE €VOV YEVIKO TOTO Y10 TOV X, Kot EMOAN0gvOTE TOV 1-
GYLPICUO OO LE EMAYWOYN GTO N.
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Avon
Eivon
X3 =2%Xo— X1 =3
Xa=2X3 =X, =4
Xs = 2X4—X3=5
Ioyvplopaote 6tL X, = N yuo k6Be N € N. Oa amodeifovpe TV aANBed TOL LE Emayyn oTOo N.

‘Eote P(n) 1o katnydpnua X, = N.

Avtikabiotdvrog N = 1, éyovpe X; = 1 wov onuaiver 6t P(1) aAndng kot avrikabiotdvtag n =
2, éxovpe X, = 2 ov onpaivel 0t P(2) emiong aAndng.

Yrobétovue 6t ot P(K) xat P(k — 1) givar odinBeic yia kdmoro k > 1. Tore,

Xir1 = 2%k — X1 = 2k — (k=1) =k + 1.
Apa, P(k + 1) givar emiong aAnOng kot omd v podnuoatikn emaymyn £xovpe 6t P(n) sivol a-
AnOMg yio kabe N> 1. .
Aoknon 19
AgiEte 0T yla kGBe OeTid aképato n > 4 woydet, 2" > n? + n.
Avon

Xpnowomotodpe ) péBodo e pabnuatikig enayoyic. Eotm P(n) to kamnydpnua, 2" > n? +
n.

Baoixé riue. H mpotaon P(5) eivon aindig, yuoti 2° = 32 > 5% + 5 = 30.

Eroyawyié Briue. Yrobétovpe 6t 1 P(n) eivon aindig, Sniadn 6t 2" > n? + n. o deitovpe 6Tt
n P(n+1) eivan odndng, dnhadn 611 2™ > (n + 1)* + n + 1."Exovpe

2">n’+n = 22">2.(n’+n) = 2"'>2n’+2n
omoTe apkel va dei&ovpe 6Tl

2n°+2n>(+1)y>+n+1,7

2n(n+1)>(n+1)(n+2),1

2n>n+2,1

n> 2, mov oybel yoti n > 4, =

Aoknon 20
Aciéte btiova>-11tote (1 +a)">1+na, vVneN.
Avon
‘Ecto P(n) n mpog amddeién oyéon.

e H P(0) etvar aAnbng ywati yia n = 0 i avicoétta yiveton (1 + a)O > 1+ 0a, onradn, 1 >
1.

e Aciyvoopue 611 av P(n) aAndng tote ko P(n + 1) aAn0ng dniadn,

av (1+a)">1+na, tote (L +a)"™ > 1+ (n+1a.
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EpyaoTnipio YNoAoyIoTIKWV SUCTNRATOV & Texvohoyiag AoyIiouIkoU
YnoAoyioTika & AlakpiTd MabnuaTika

"Exovpue
1+a)">1+na = [eivar 1 +a>0]
1+a)'1+a)=>1+na)1+a) =>

(1+a)™>1+a+na+na® =

Aoknon 21

(1+a)™>1+(n+1a+na’ = [eivar 1 + (n + 1)a+na?>1+ (n + 1)a]
1+a)™>1+(n+1a -
Ot appovikoi apiBuoi Hy, k=1, 2, 3, ..., opilovton amd ) oyfon
Hk:]_+£+l+...+l
2 3 k
Agiéte 011
VneN, H, >1+2.
2
Adon

Xpnotpomotovpe tn péBodo ¢ pabnuotikig emaymyng otnv omAn uopen . ‘Eotm P(n) 1o

kotnyopnua H,, 21+ 2 .
Baaoixd fripa. H npotacn P(0) eivar ainbnig, yioti Hyo = H; =12 1+%.

Ermoaywyixd Briuo. YroBétovpe 6t n P(n) eivar adndig, dnladn ot H,, 21+g. ®a deiovpe

6t P(n+1) givon oAndng, Sniadn ot H,p > 1+n7+1 ."Exovpe

11 1 1 1
o =lb ottt
2 2 3 2" 2"+1 2

1 1
4+ ..

2"+ n +W
2" +1 2

H

Aoknon 22

2(1+E)+ nl +o nll
2) 2"+1 2"
> (1+ Mo 1 -
2 2I’1+
2(1+E +l
2) 2
n+1
:1 —_—
2 |
Ot appovikoi apiBuoi Hy, k=1, 2, 3, ..., opilovton amd ™ oyéon
Hk :1+1+1+...+l
2 3 k
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EpyaoTnipio YNoAoyIoTIKWV SUCTNRATOV & Texvohoyiag AoyIiouIkoU
YnoAoyioTika & AlakpiTd MabnuaTika

Agiéte 011
Vne N, H2n <l+n.

Adon

Xpnotpomotovpe T uéBodo ¢ pabnuotikig emaymyng otnv omAn uopen . ‘Eotm P(n) 1o
katnyopnpo H, <1+n.

Baoixo frpa. H npdracn P(0) eivar alnbng, ywuti Hy, = Hy =1<1+0.

Eraywyixd Briuo. YroBétovpe 6t n P(n) etvon oAndnfg, dniadn 6t H,, <1+ 1. Oa deifovpe 6Tt

n P(n+1) ivon 0dn0ng, Snhadn 6Tt H,pn <1+(n+1). Exovpe

11 1 1 1
H.oo=1l+—+=+4+—+ +ot
2 2 3 2" 2"+1 2"

VR SO
2 2"+1 2"
1
<l+n+ toot
2"+1 2"
£1+n+2“(inj
2
<l+n+1
=1+(n+1). ™
Aoknon 23

Agiéte 611, KAOE arcéparog N peyalvtepog Tov 1 umopel va ypapTel oG yIvOUEVO TPOTOV.

Adon

‘Eotw P(n) 1o katnyopnua, “Kdébe axépotog N >1 pmopei va ypa@tel og yivopevo mpotmv”.

1. HP(2) aAnOng yiati 2 = 2.

2. "Eoto 611 P(K) ainBng yia 6Aovg tovg Betikoig axepaiovg K pe k < n. TIpénet va deifovpe o1t
P(n+ 1) aknbng.

1" wepintoon: n + 1 wpdrtog. Tote P(n + 1) mpopavrc.

2" mepintoon: N + 1 ovvBetog. Téten+1=a-bpue2<a<b<n+ 1, 0d\d ora kou b omd v
V600N UTOPOVY VAL YPAPTOVV (G YIVOUEVO TPMTMV. =
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